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It is shown that a symmetric massless bosonic higher-spin ﬁeld can be described by a traceless ten-
sor ﬁeld with reduced (transverse) gauge invariance. The Hamiltonian analysis of the transverse gauge
invariant higher-spin models is used to control a number of degrees of freedom.
© 2008 Published by Elsevier B.V.1. Introduction
It was shown recently in [1,2] that a free massless spin two
ﬁeld (i.e., linearized gravity) can be consistently described by a
traceless rank-2 tensor ﬁeld with transverse gauge symmetry that
corresponds to linearized volume-preserving diffeomorphisms. We
extend this result to massless ﬁelds of arbitrary spin by showing
that a spin-s symmetric massless ﬁeld can be described by a rank-s
traceless symmetric tensor. This formulation is in some sense op-
posite to the approach developed in [3–5] where a massless ﬁeld
is described by a traceful tensor. Recall that the standard Frons-
dal’s formulation of a spin-s massless ﬁeld operates with a rank-s
double traceless tensor [6]. For recent reviews on higher-spin (HS)
gauge theories see [7].
Although, like in the case of gravity, the obtained model is a
gauge ﬁxed version of the original Fronsdal model [6] the equiva-
lence is not completely trivial. Actually, the standard counting of
degrees of freedom is that each gauge parameter in the gauge
transformations with ﬁrst order derivatives kills two degrees of
freedom [9]. Therefore one can expect that the invariance under
reduced gauge symmetry may be not suﬃcient to compensate all
extra degrees of freedom. As we show this is not the case. The rea-
son is that the remaining gauge symmetry parameters satisfy the
differential transversality conditions ∂νξνμ2...μs−1 = 0.
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doi:10.1016/j.physletb.2008.05.043Generally, as explained in this Letter, a partial gauge ﬁxing at
the Lagrangian level can give rise to a model which, if treated inde-
pendently of the original gauge model, may differ from the latter.
In particular, the Hamiltonian interpretation of the gauge ﬁxed La-
grangian model may differ from that of the original model. This
can happen in the case where the gauges and constraints on gauge
parameters are differential. For example, as shown in Section 5,
this does happen in electrodynamics in the temporary gauge. Since
the transversality condition on the gauge parameter is also of this
type, a more careful analysis of the counting of the number of de-
grees of freedom in the model under consideration is needed. The
Hamiltonian analysis of Section 5 shows that the transverse gauge
invariant HS model has as many degrees of freedom as the original
Fronsdal model in the topologically trivial situation.
Note, that the original Lagrangian and ﬁeld/gauge transforma-
tions content for a massless ﬁeld of an arbitrary spin were derived
by Fronsdal in [6] by taking the zero rest mass limit m2 → 0 in the
Lagrangian of Singh and Hagen for a massive HS ﬁeld of [8]. To the
best of our knowledge, it has not been analyzed in the literature
what is a minimal ﬁeld content appropriate for the description a
massless HS ﬁeld. The proposed formulation operates in terms of
an irreducible Lorentz tensor ﬁeld, thus being minimal. It is equiv-
alent to the Fronsdal’s one in the topologically trivial situation but
may differ otherwise.
Also let us note that since the minimal formulation has a re-
laxed gauge symmetry compared to that of the Fronsdal’s formu-
lation, it may in principle have more freedom at the interaction
level, i.e., all interactions which can be introduced for the Frons-
dal’s theory are automatically recovered in its gauge ﬁxed version.
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lation, some new types of interactions can in principle be expected.
Note that the recovery of usual gravitational interactions in the
case of spin-2 was shown in the model of [2] with the diffeomor-
phism symmetry of Einstein theory relaxed to volume preserving
diffeomorphisms.
The layout of the rest of the Letter is as follows. In Section 2 we
recall the standard description of massive and massless ﬁelds of ar-
bitrary spin. In Section 3, transverse and Weyl invariant Lagrangian
is constructed and a generating action is given. The equivalence
of transverse and Weyl invariant Lagrangian to the Fronsdal’s La-
grangian is checked in Section 4. Hamiltonian analysis and exam-
ples are given in Section 5.
2. Free massless higher-spin ﬁelds
A spin-s bosonic totally symmetric massive ﬁeld in Minkowski
space can be described on shell [10] by a totally symmetric tensor
ﬁeld ϕμ1...μs
1 that satisﬁes the conditions(
+m2)ϕμ1...μs = 0, ∂νϕνμ2...μs = 0, ϕννμ3...μs = 0. (2.1)
These form the complete set of local Poincaré-invariant conditions
on ϕμ1...μs . In the massless case m
2 = 0 a gauge invariance with
an on-shell traceless rank-(s − 1) tensor gauge parameter reduces
further the number of physical degrees of freedom.
As pointed out by Fierz and Pauli in [11], for (2.1) to be deriv-
able from a Lagrangian a set of auxiliary ﬁelds has to be added for
s > 1 (in the case of spin two considered by Fierz and Pauli this
is a scalar auxiliary ﬁeld ϕ , which together with a traceless ϕμ1μ2
forms a traceful ﬁeld φμ1μ2 = ϕμ1μ2 +ημ1μ2ϕ). Auxiliary ﬁelds are
zero on shell, thus carrying no physical degrees of freedom. For
totally symmetric massive ﬁelds of integer spins, the Lagrangian
formulation with a minimal set of auxiliary ﬁelds was worked out
by Singh and Hagen in [8]. For a spin-s ﬁeld they introduced a set
of auxiliary ﬁelds, which consists of symmetric traceless tensors of
ranks s − 2, s − 3, . . . ,0. An elegant gauge invariant (Stueckelberg)
formulation was proposed by Zinoviev in [12]. (For alternative ap-
proaches to massive ﬁelds see also [13–15] and references therein.)
The Lagrangian of a spin-s massless ﬁeld can be obtained [6] in
the limit m2 → 0. The auxiliary ﬁelds of ranks from 0 to (s − 3)
decouple while the residual rank-(s − 2) traceless auxiliary ﬁeld
ϕμ1...μs−2 and the physical rank-s traceless ﬁeld ϕμ1...μs form the
symmetric ﬁeld φμ1...μs = ϕμ1...μs + η(μ1μ2ϕμ3...μs−2) that satisﬁes
the double tracelessness condition
ημ1μ2ημ3μ4φμ1...μs = 0, (2.2)
which makes sense for s  4. The resulting Lagrangian possesses
gauge invariance with a traceless rank-(s − 1) gauge parameter
ξμ1...μs−1 ,
δφμ1...μs = s∂(μ1ξμ2...μs), ξννμ3...μs−1 = 0. (2.3)
In the spin two case of linearized gravity, the gauge law (2.3) cor-
responds to linearized diffeomorphisms.
Let us write down a most general bilinear action and La-
grangian (modulo total derivatives) of a double traceless ﬁeld with
at most two derivatives as
L= (−)s
∑
α=a,b,c, f ,g
Lα, S =
∫
ddxL, (2.4)
1 Greek indices μ,ν,λ,ρ = 0, . . . ,d − 1 are vector indices of d-dimensional
Lorentz algebra o(d − 1,1). ∂μ ≡ ∂∂xμ ,  ≡ ∂ν∂ν and indices are raised and low-
ered by mostly minus invariant tensor ημν of o(d − 1,1). A group of indices to be
symmetrized is denoted by placing them in brackets or, shortly, by the same letter.
For example, ∂μφμ ≡ ∂(μ1φμ2) ≡ 12 (∂μ1φμ2 + ∂μ2φμ1 ).where
La = a
2
∂νφμ1...μs∂
νφμ1...μs ,
Lb = −bs(s − 1)4 ∂νφ
ρ
ρμ3...μs∂
νφλ
λμ3...μs ,
Lc = − cs
2
∂νφνμ2...μs∂ρφ
ρμ2...μs ,
L f = f s(s − 1)2 ∂νφ
ρ
ρμ3...μs∂λφ
λνμ3...μs ,
Lg = − gs(s − 1)(s − 2)
8
∂νφρρνμ4...μs∂λφσ
σλμ4...μs (2.5)
with arbitrary coeﬃcients a, b, c, f , g . For L to describe a spin-s
ﬁeld, the coeﬃcient a has to be nonzero (so, we set a = 1).
The variation of (2.4) is
δL=
(
Gμ1...μs −
s(s − 1)
2(Υ − 2)η(μ1μ2G
ρ
ρμ3...μs)
)
δφμ1...μs , (2.6)
where Υ = d + 2s − 4 and
Gμ1...μs =φμ(s) − b
s(s − 1)
2
ημμφλλμ(s−2) − cs∂μ∂νφνμ(s−1)
+ f s(s − 1)
2
(
ημμ∂
ν∂λφνλμ(s−2) + ∂μ∂μφλλμ(s−2)
)
− g s(s − 1)(s − 2)
4
ημμ∂μ∂
νφλλνμ(s−3). (2.7)
The requirement that the action is invariant under (2.3) ﬁxes the
coeﬃcients a = b = c = f = g [16].
3. Transverse and Weyl invariant massless higher-spin ﬁelds
Let us consider a weaker condition on the action imposed by
the reduced gauge symmetry (2.3) with the transverse gauge pa-
rameter ξμ1...μs−1
δφμ1...μs = s∂(μ1ξμ2...μs), ∂νξνμ2...μs−1 = 0,
ξννμ3...μs−1 = 0. (3.1)
The invariance of action (2.4) under (3.1) ﬁxes only the ratio
a/c = 1 while the rest of the coeﬃcients remains free. This am-
biguity can be used to look for another symmetry to kill extra
degrees of freedom. Taking into account the double tracelessness
condition (2.2), a use of rank-(s−2) symmetric traceless gauge pa-
rameter ζμ1...μs−2 is a natural option
δφμ1...μs =
s(s − 1)
2
η(μ1μ2ζμ3...μs), ζ
ν
νμ3...μs−2 = 0. (3.2)
The requirement for (2.4) to be invariant under the additional
(Weyl) symmetry (3.2) ﬁxes the rest of the coeﬃcients
b = Υ + 2
Υ 2
, f = 2
Υ
, g = −2(Υ − 4)
Υ 2
. (3.3)
Note that, not too surprisingly, the resulting Lagrangian (2.4)
can be obtained from the Fronsdal’s Lagrangian (i.e., that with a =
b = c = f = g = 1) via the substitution
φ˜μ1...μs = φμ1...μs −
1
Υ
s(s − 1)
2
η(μ1μ2φ
ν
νμ3...μs),
φ˜ννμ3...μs = 0. (3.4)
There is a generating action Sgen that gives rise both to the
Fronsdal and to the Weyl invariant actions in particular gauges.
Sgen results from the Fronsdal action by introducing a traceless
Stueckelberg ﬁeld χμ1...μs−2 of rank-(s − 2) via the substitution
φμ1...μs → φμ1...μs +
s(s − 1)
η(μ1μ2χμ3...μs), (3.5)2
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tions are
δφμ1...μs = s∂(μ1ξμ2...μs) +
s(s − 1)
2
η(μ1μ2εμ3...μs),
δχμ1...μs−2 = −εμ1...μs−2 , (3.6)
with εμ1...μs−2 being a traceless rank-(s − 2) gauge parameter. Fix-
ing χμ1...μs−2 to zero by the gauge parameter εμ1...μs−2 , we obtain
the spin-s Fronsdal’s Lagrangian. Alternatively, we can gauge ﬁx
the trace of φμ1...μs to zero by the same Stueckelberg parameter
εμ1...μs−2 . The leftover symmetry is with
εμ1...μs−2 =
Υ
2
∂νξνμ1...μs−2 . (3.7)
Then, gauge ﬁxing the ﬁeld χμ1...μs−2 to zero gives the Lagrangian
(4.1) and constraint
∂νξνμ2...μs−1 = 0. (3.8)
Thus Sgen reduces to the transversely invariant action (4.1) and
Fronsdal action in particular gauges. Note that a generating action
of this type naturally appears in the BRST analysis as discussed by
Pashnev and Tsulaia in [17].
Now we are in a position to check whether this theory is uni-
tary and describes the correct number of physical degrees of free-
dom of a spin-s massless representation of iso(d−1,1), thus being
equivalent to the conventional spin-s Fronsdal massless theory.
4. Spectrum
Having ﬁxed pure algebraic gauge symmetry with parameter
ζμ1...μs−2 to eliminate the trace of φμ1...μs one gets the Lagrangian
L= (−)s
(
1
2
∂νφμ1...μs∂
νφμ1...μs − s
2
∂νφνμ2...μs∂ρφ
ρμ2...μs
)
, (4.1)
with traceless φμ1...μs . The equations of motion, gauge transforma-
tion law and constraints read as

[
φμ1...μs − s∂(μ1∂νφνμ2...μs)
]= 0,
δφμ1...μs = s∂(μ1ξμ2...μs),
∂νξνμ2...μs−1 = 0, ξννμ3...μs−1 = 0, φννμ3...μs = 0, (4.2)
where  is the projector to the traceless part that appears since
the variation is taken with respect to the traceless ﬁeld φμ1...μs .
The ﬁrst term in (4.2) is automatically traceless, whereas the pro-
jector for the second term acquires the form

[
s∂(μ1∂
νφνμ2...μs)
]= s∂(μ1∂νφνμ2...μs)
− s(s − 1)
Υ
η(μ1μ2∂
ν∂ρφνρμ3...μs), (4.3)
so that the ﬁeld equations take the form
φμ1...μs − s∂(μ1∂νφνμ2...μs)
+ s(s − 1)
Υ
η(μ1μ2∂
ν∂ρφνρμ3...μs) = 0. (4.4)
To analyze the physical meaning of these equations and gauge
transformations it is convenient to use the standard momentum
frame
pμ = (E/
√
2,0, . . . ,0, E/
√
2), pν pν = 0 (4.5)
and light-cone coordinates2
2 Lower case Latin indices i, j, . . . are vector indices of o(d−2). The corresponding
invariant metric is δi j = diag(
d−2︷ ︸︸ ︷
+· · ·+).x± = (x0 ± xd)/√2, xi—unchanged, (4.6)
in which the metric ημν has the form
η+− = η−+ = 1, ηi j = −δi j . (4.7)
We use the following notation for components of φμ1...μs
φ+(k),−(m),i(s−k−m) ≡ φ+···+︸︷︷︸
k
−···−︸︷︷︸
m
i1...is−k−m . (4.8)
φ′+(k),−(m),i(s−k−m−2) denotes the trace φ+(k),−(m),i(s−k−m−2) jlδ jl of
o(d − 2) indices.
The system (4.2) reduces to
k
(
1− 2m
Υ
)
φ+(k−1),−(m+1),i(s−k−m)
+ (s − k −m)(s − k −m − 1)
Υ
δiiφ+(k),−(m+2),i(s−k−m−2) = 0,
δφ+(k),−(m),i(s−k−m) = kξ+(k−1),−(m),i(s−k−m),
ξ+(k),−(m>0),i(s−k−m) = 0,
2ξ+(k+1),−(m+1),i(s−k−m−2) = ξ ′+(k),−(m),i(s−k−m−2),
2φ+(k+1),−(m+1),i(s−k−m−2) = φ′+(k),−(m),i(s−k−m−2). (4.9)
The ﬁrst equation of (4.9) implies that φ+(k−1),−(m+1),i(s−k−m) is a
pure trace for m = 0, . . . , (s− 1), k = 1, . . . , (s−m). As a result the
on shell non-zero components are o(d − 2) traceless components
φ+(k),−(0),i(s−k) , k = 0, . . . , s. However, those with k = 1, . . . , s are
pure gauge. Thus, only the traceless component of φ+(0),−(0),i(s) ≡
φi(s) is physical, describing a spin-s symmetric representation of
the massless little group o(d − 2). Unitarity of the theory follows
from the equivalence of the transverse-invariant and Fronsdal’s La-
grangians in the sector of physical degrees of freedom.
A less trivial question not answered by this analysis is whether
the leftover gauge symmetries in a partially gauge ﬁxed model re-
main gauge symmetries of the latter model treated independently
(say, if the original model was not known). Complete answer to
this question is provided by the Hamiltonian analysis. To illustrate
what could happen let us start with the spin one example.
5. Hamiltonian analysis
5.1. Example of spin one in the temporary gauge
An instructive example is provided by Maxwell electrodynamics
formulated in terms of a gauge potential Aμ
L= 1
2
(
∂μAμ∂
ν Aν − ∂μAν∂μAν
)
,
Aμ − ∂μ∂ν Aν = 0, δAμ = ∂μξ(x). (5.1)
Imposing the temporary gauge A0 = 0 at the Lagrangian level
we obtain the gauge ﬁxed Lagrangian3
L= 1
2
(
A˙K A˙
K + ∂ I A I∂ J A J − ∂I A J ∂ I A J
)
. (5.2)
Expressing all velocities via momenta we arrive at the uncon-
strained dynamics with the Hamiltonian
H = 1
2
(
ΠKΠ
K + ∂I A J ∂ I A J − ∂ I A I∂ J A J
)
. (5.3)
Clearly, the gauge ﬁxed Lagrangian (5.2) describes d−1 degrees
of freedom (2(d − 1) in the phase space). This is to be compared
3 Capital Latin indices I, J , K , . . . are vector indices of o(d − 1), e.g., μ = (0, I).
Dot denotes the time derivative, i.e., φ˙ ≡ ∂0φ.
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of the original model. This mismatch has the following origin. One
additional phase space degree of freedom comes from the leftover
gauge symmetry parameter that solves
∂0ξ = 0. (5.4)
Another one is due to the loss of the Gauss law constraint in the
theory.
Indeed, in electrodynamics, the Gauss law div E = 0 results from
the variation of the action (5.1) over A0 (for simplicity we set elec-
tric current equal to zero). This equation is lost in the gauge ﬁxed
theory (5.2). From the gauge invariance a weaker condition follows
∂0 div E = 0. (5.5)
In the dynamical system (5.2), Eq. (5.5) is indeed one of the ﬁeld
equations. But it is not a constraint any more, thus bringing an-
other phase space degree of freedom into the game.
The naive equivalence argument might be that once some gauge
is reachable by a gauge transformation it can be imposed at the
Lagrangian level because any variation over a gauge ﬁxed variable
can be expressed as a combination of a gauge symmetry variation
and a local variation of the unﬁxed variables. Generically, this ar-
gument is wrong however because it neglects the issue of locality.
Namely it is not guaranteed that the compensating gauge symme-
try transformation is local in terms of the variation of the gauge
ﬁxed variable because it may require resolution of some differen-
tial equation on the gauge symmetry parameter with respect to the
time variable. In our example, this is manifested by the condition
(5.4). This is why the Gauss law in electrodynamics is not repro-
duced in the model (5.2) treated independently of the underlying
model from which it has been derived.
The conclusion is that, if treated independently, a gauge ﬁxed
model (i.e., forgetting the symmetries and ﬁeld equations of the
original model) is guaranteed to be equivalent to the original one
in the gauges that impose algebraic (i.e., free of time derivatives)
constraints on the gauge symmetry parameters. This is the case of
Stueckelberg ﬁelds and gauge symmetries.
The situation with the spin two ﬁeld considered in [1,2] and
with partially ﬁxed HS gauge ﬁelds discussed in this Letter is
somewhat analogous to the temporary gauge example discussed
in this section because it involves the differential constraint (3.1)
on the gauge symmetry parameter. It is therefore instructive to re-
analyze the models by the Hamiltonian methods.
5.2. Spin two
Let us consider the spin two case in more detail. (The Hamilto-
nian analysis of nonlinear gravity was originally given in [18] (see
also the textbook [9]).) The gauge ﬁxed Lagrangian is
L= 1
2
(
∂μφνλ∂
μφνλ − 2∂μφμν∂λφλν
)
, φνν = 0. (5.6)
Using notation Q IK ≡ φI K , Q I ≡ φ0I , the corresponding momenta
are
Π I J = Q˙ I J − δ I J Q˙ K K + 2δ I J ∂K Q K ,
Π I = −2∂K Q K I . (5.7)
As velocities Q˙ I do not contribute to Π I , the primary con-
straints are
ψ K1 = Π K + 2∂I Q K I . (5.8)
The Hamiltonian isH = 1
2
(
ΠI JΠ
I J − 1
d − 2Π
I
IΠ
J
J
)
+ 2
d − 2Π
I
I∂ J Q
J + βK
(
Π K + 2∂I Q K I
)
+ 1
2
(
∂I Q J K ∂
I Q J K + ∂I Q J J ∂ I Q K K
)− ∂I Q K ∂ I Q K
− d
d − 2∂
I Q I∂
J Q J − ∂ I Q I J ∂K Q K J , (5.9)
where βK are Lagrange multipliers.
Secondary and ternary constraints ψ K2 , ψ3 result from Poisson
brackets [ , ] with the Hamiltonian (5.9)[
ψ K1 , H
]= ψ K2 = −Q K − ∂K ∂ J Q J + ∂ JΠ J K , (5.10)[
ψ K2 , H
]= ∂Kψ3, ψ3 = Q I I − ∂I∂ J Q I J , (5.11)
where  ≡ ∂ A∂A .
The further commutation of the ternary constraints produces no
new constraints, so that ψA (A = 1,2,3) form the complete list. All
constraints are ﬁrst class
[ψA,ψB ] = 0, A, B = 1,2,3. (5.12)
In this analysis the kernel of the operator ∂K is assumed to be
trivial so that ∂Kψ3 = 0 is equivalent to ψ3 = 0. Note however that
the two conditions may be different in a topologically nontrivial
situation (say, for the torus compactiﬁcation) differently account-
ing some discrete degrees of freedom. Note also that ψ3 is just the
linearized ﬁrst-class constraint associated with g00 in usual Hamil-
tonian gravity [18].
The number of physical degrees of freedom (PDoF) is
PDoF = (d + 2)(d − 1)
2
− 2(d − 1) − 1
= d(d − 3)
2
= R(2,d − 2) = 2|d=4, (5.13)
where R(s,d) is the dimension of a rank-s symmetric traceless ten-
sor
R(s,d) = (d + 2s − 2)(d + s − 3)!
(d − 2)!s! . (5.14)
Let us stress that the reason why the gauge ﬁxed model under
consideration turns out to be equivalent to the Pauli–Fierz model
is just that the ternary constraint ψ3 appears in (5.11) under the
operator ∂K , which, in turn, is the consequence of the Lorentz
invariance of the chosen gauge. In the temporary gauge electro-
dynamics example the equation analogous to (5.11) is (5.5) which
is not a constraint however.
5.3. Spin three
Let us consider a spin three massless ﬁeld, as a simplest HS ex-
ample. We use the following notation for the space-like projections
of φμνλ: Q ABC ≡ φABC , Q AB ≡ φAB0, Q B BA ≡ φA00, Q B B ≡ φ000
and ΠABC , ΠAB for the corresponding momenta.
The Hamiltonian that results from the action (4.1) has the form
H = 1
2
ΠABC
2 − 3
2d
Π B BA
2 + 1
4(d − 1)2 ΠB
B2
+ 6
d
ΠB
BA∂C Q AC + 3d
2(d − 1)2 ΠB
B∂A Q C
C A
+ 1
2
(∂A Q BCD)
2 − 3
2
(
∂ A Q ABC
)2
+ 3 (∂A Q B BC )2 + 3(d2 + 4d − 2)2 (∂ A Q B BA)22 4(d − 1)
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2
(∂A Q BC )
2 − 3(d + 2)
d
(
∂ A Q AB
)2
− 1
2
(
∂A Q B
B)2 + β˜ AB(ΠAB + 3∂C Q ABC ), (5.15)
where tilde ˜ denotes the traceless part; for example˜Q AB ≡
Q AB − 1(d−1) δAB Q C C . There are four generations of constraints in
this case:
˜ψ AB1 =˜Π AB + 3˜∂C Q ABC , (5.16)
˜ψ AB2 =
1
3
[
˜ψ AB1 , H
]= ˜∂CΠ ABC −˜Q AB − ˜∂(A∂C Q B)C , (5.17)
[
˜ψ AB2 , H
]=˜∂(Aψ B)3 ,
ψ A3 = 2∂B∂C Q ABC − 2Q B BA −
1
(d − 1) ∂
AΠB
B
− (d + 2)
(d − 1) ∂
A∂C Q B
BC , (5.18)
[
ψ A3 , H
]− ∂Bψ AB2 = 1(d − 1) ∂ Aψ4,
ψ4 = −dQ B B + ∂AΠB BA − 2∂A∂B Q BA AB. (5.19)
Being ﬁrst-class, the constraints˜ψ AB1 ,
˜ψ AB2 , ψ
A
3 , ψ4 along with the
tracelessness conditions imply R(3,d− 2) physical degrees of free-
dom, which is two in d = 4.
Let us compare these results with the Hamiltonian analysis of
the Fronsdal’s formulation of spin three which goes as follows.
The primary constraints of Fronsdal’s theory of massless spin three
˜ψ AB1 , ψ
A
1 , ψ1 are associated with those components of the spin
three ﬁeld that carry index 0 thus having a time derivative of
the gauge parameter in their transformation law. These generate
the secondary ﬁrst-class constraints˜ψ AB2 , ψ
A
2 , ψ2 that results in
R(3,d) + R(1,d) − 2R(2,d − 1) − 2R(1,d − 1) − 2R(0,d − 1) =
R(3,d − 2) = 2|d=4 degrees of freedom.
In the traceless formulation considered here, the constraints ψ A1
and ψ1 are absent, whereas ψ A2 and ψ2 re-appear as the con-
straints of third and fourth generation, ψ A3 and ψ4, respectively. As
a result, compared to the Fronsdal formulation, the deﬁcit of ﬁrst-
class constraints equals exactly to the deﬁcit of ﬁeld components
so that the number of degrees of freedom remains unchanged. The
counting of degrees of freedom for higher-spins is analogous.
5.4. Higher-spins
It is well known (see [19] for the formal proof) that a number
of ﬁrst-class constraints equals to the number of gauge parame-
ters independent on a Cauchy surface assuming that different time
derivatives ξ , ξ˙ , ξ¨ are independent on a Cauchy surface. Let us use
this fact4 to count a number of ﬁrst-class constraints for a mass-
less spin-s ﬁeld. Having decomposed ξμ1...μs−1 as
ξ0 . . .0︸ ︷︷ ︸
k
A(s−1−k−m)
=
i=s−k−1∑
i=0
(s − k − 1)!
i!(s − k − i − 1)! ∂(A1 . . . ∂Ai ξ
k,i
Ai+1...As−k−i−1), (5.20)
with ∂ Bξk,iB A2...As−k−1 = 0, the tracelessness condition ξννμ3...μs−1 = 0
and (3.8) acquire the form
4 We acknowledge with gratitude that the idea of this analysis was communi-
cated to us by I. Tyutin.∂0ξ
k+1,i
A(s−k−i−2) = ξk,i+1A(s−k−i−2),
ξ
k+2,i
A(s−k−i−3) = ξk,i+2A(s−k−i−3) + ξk,iA(s−k−i−3)BBδBB . (5.21)
The ﬁrst equation allows us to express ξk,m with m > 0 via time-
derivatives of ξk+m,0 as
ξ
k,m
A(s−k−m−2) =
(∂0)
m
m
ξ
k+m,0
A(s−k−m−2), (5.22)
whereas the second one states that the trace of ξk,0 is expressed
via ξk+2,0 as
(
1− (∂0)
2

)
ξ
k+2,0
A(s−k−3) = ξk,0A(s−k−3)BBδBB . (5.23)
As a result, the traceless components of ξk,0A1,...,As−k−1 with k =
0, . . . , (s − 1) remain the only independent parameters. The num-
ber of independent gauge parameters that appear in (2.3) with
(∂0)r is R(s − r,d − 1) for r  1 and R(s − 1,d − 1) for r = 0. This
gives the correct number of physical degrees of freedom
PDoF = R(s,d) − 2R(s − 1,d − 1) −
k=s−2∑
k=0
R(k,d − 1)
≡ R(s,d − 2), (5.24)
which is the dimension of the spin-s irreducible representation of
the massless little group o(d−2), which is two in d = 4, i.e., in the
topologically trivial situation the proposed system is equivalent to
that of Fronsdal and hence propagate two positive deﬁnite states
of helicities ±s (in d = 4).
Since ﬁrst-class constraints associated with the gauge transfor-
mations generated by the parameters carrying r time derivatives
appear as constraints of rth generation, this analysis also explains
why in the transverse formulation of a spin-s ﬁeld, ﬁrst-class con-
straints appear up to the (s + 1)th generation.
Note also that the two models are equivalent in the topolog-
ically trivial situation with invertible space-like derivatives sim-
ply because the partial gauge ﬁxing that reduces the Fronsdal
model to the transverse gauge invariant can be interpreted as be-
ing of Stueckelberg type with respect to the components of the
gauge parameters contracted with the space-like derivatives in the
transversality condition (3.8). The reason why this is not true in
the example of electrodynamics in the temporary gauge is that the
condition (5.4) contains only time derivative.
To conclude, the formulation of massless ﬁelds in terms of
traceless tensors is equivalent to the original Fronsdal formulation
in the topologically trivial situation although it may be different
otherwise. It should be noted that all interactions possible in the
Fronsdal’s formulation are also possible in the transverse invariant
model via gauge ﬁxing the traceless gauge φννμ3...μs = 0. The pro-
posed formulation is simpler than the Fronsdal’s one as it contains
less ﬁelds and gauge parameters, that may simplify the search of
gauge invariant interactions.
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